In this paper, we consider real hypersurfaces M in C 3 (or, more generally, 5dimensional CR (Cauchy-Riemann) manifolds of hypersurface type) at uniformly Levi degenerate points, that is, Levi degenerate points such that the rank of the Levi form is constant in a neighborhood. We also require that the hypersurface satisfy a certain second-order nondegeneracy condition (called 2-nondegeneracy) at the point. One of our main results is the construction, near any point p 0 ∈ M satisfying the above conditions, of a principal bundle P → M and a R dim P -valued 1-form ω, uniquely determined by the CR structure on M, which defines an absolute parallelism on P. If M is real-analytic, then covariant derivatives of ω yield a complete set of local biholomorphic invariants for M. This solves the biholomorphic equivalence problem for uniformly Levi degenerate hypersurfaces in C 3 at 2-nondegenerate points. The case where M and M are real-analytic and Levi nondegenerate hypersurfaces was solved by E. Cartan [C1], [C2] in C 2 , and by N. Tanaka [T1], [T2] and S.-S. Chern and J. Moser [CM] in C N , N ≥ 2. The solution consists of producing a fiber bundle Y → M, for any given Levi nondegenerate hypersurface M ⊂ C N , and a 1-form ω on Y , valued in R dim Y , which at every y ∈ Y gives an isomorphism between T y Y and R dim Y (an absolute parallelism or {1}-structure on Y ; see, e.g., [KN] or [K]) such that the following holds. If there exists a CR diffeomorphism f : M → M , then there exists a diffeomorphism F : Y → Y (where corresponding objects for M are denoted with ) such that F * ω = ω and the following diagram commutes:
Introduction

A brief history and basic concepts: Motivation for the present work
A fundamental problem in the study of real submanifolds in complex space is the biholomorphic equivalence problem, which in its most general form asks for (intrinsic) conditions on two submanifolds M, M ⊂ C N at distinguished points p 0 ∈ M, p 0 ∈ M which guarantee that there exists a local biholomorphism H : C N → C N defined near p 0 such that H ( p 0 ) = p 0 and H (M ∩ U ) = M ∩ U , for some open neighborhoods U, U ⊂ C N of p 0 and p 0 , respectively. When M and M are realanalytic, an equivalent formulation is to ask for a real-analytic local CR diffeomorphism f : M → M defined near p 0 ∈ M with f ( p 0 ) = p 0 . (For standard definitions and results on real submanifolds in complex space and abstract CR structures, the reader is referred to [BER] , for example). the present paper is on hypersurfaces, we mention only the papers by A.Čap and H. Schichl [CS] , V. Ezhov, A. Isaev, and G. Schmalz [EIS] , T. Garrity and R. Mizner [GM] , and Schmalz and J. Slovák [SS] , and we refer the interested reader to these papers for further information about the higher codimensional case.
In this paper, we consider real hypersurfaces (and, more generally, CR manifolds of hypersurface type) which have degenerate Levi forms. Before describing our main results, we should mention that another approach to the biholomorphic equivalence problem is via normal forms. Normal forms for certain types of Levi degeneracies were studied by the author in [E3] and [E4] ; another class of Levi degeneracies in C 2 was considered by P. Wong [Wo] . However, at least to the best of the author's knowledge, the geometric approach as described above has not been previously studied for CR manifolds with degenerate Levi forms, except in the case where the manifold is locally biholomorphically equivalent to one of the formM × C p withM Levi nondegenerate. The latter situation was studied by M. Freeman [F1] . The situation in the present paper is quite the opposite; the manifolds considered here are not locally equivalent toM × C p for any manifoldM and p > 0.
The idea in this paper is to use the cubic form as a complement to the degenerate Levi form. We restrict our attention to 5-dimensional manifolds. As the number of dimensions increases, the algebraic complexity of the resulting tensors and the number of cases that need to be distinguished greatly increases.
The paper is organized as follows. Our main results, and some applications including a unique continuation principle, are explained in §0.2. §1 is devoted to preliminary material including basic definitions and properties of Levi uniform CR manifolds. The necessary constructions for the main results are given in §2-3, and in §4 a discussion and characterization of the tube over the light cone is given. A proof of the unique continuation principle is given in §5. In §6, some examples of everywhere Levi degenerate hypersurfaces that arise in partial differential equation (PDE) theory are given.
The main results
Our main results concern real hypersurfaces M in C 3 (or, more generally, 5dimensional CR manifolds of hypersurface type), which are uniformly Levi degenerate in the sense that the Levi form has one nonzero and one zero eigenvalue in a neighborhood of a distinguished point p 0 ∈ M (Levi uniform of rank 1 according to Definition 1.5). Such hypersurfaces M ⊂ C 3 are foliated by complex curves (cf. Proposition 1.12), but in general this foliation cannot be (even locally) biholomorphically straightened; that is, M is not locally equivalent toM × C for any hypersurfacẽ M ⊂ C 2 . We should point out that obstructions to a local straightening of a complex foliation of a CR manifold were investigated by Freeman [F1] . In the present paper we require that M be 2-nondegenerate at p 0 (see §1 or [BER, Chapter 11] ). The latter condition guarantees that M is holomorphically nondegenerate (see Stanton [Sta1] , [Sta2] ; cf. also [BER, Chapter 11] ) and, in particular, that the foliation of M cannot be locally biholomorphically straightened. In fact, if M ⊂ C 3 is real-analytic, connected, and everywhere Levi degenerate, then there is a proper real-analytic subvariety V ⊂ M such that either M is locally equivalent toM × C, forM ⊂ C 2 , near each p ∈ M \ V (locally biholomorphically straight) or M is Levi uniform of rank 1 and 2-nondegenerate at every p ∈ M \ V .
The most important example (indeed, the "standard model") of a hypersurface of the type considered here is the tube in C 3 over the light cone in R 3 .
Example 0.2.1
The tube C in C 3 over the light cone in R 3 , that is, the variety defined by
is Levi uniform of rank 1 at every nonsingular point, that is, at every point where it is a real submanifold. In particular, C is Levi degenerate at every point, but it cannot be locally biholomorphically straightened. The latter fact was first proved by A. Sergeev and V. Vladimirov (see [SV] ) by calculating the Freeman obstructions mentioned above. The reader can also verify that C is 2-nondegenerate at every nonsingular point. This example is discussed in greater detail in §4. (See also [E4] , where C is further discussed in connection with a normal form for 2-nondegenerate hypersurfaces in C 3 .)
Let us also point out that the biholomorphically invariant geometry of the tube over the light cone in C 4 plays an important role in, for example, axiomatic quantum field theory since C bounds the so-called past and future tubes (see, e.g., Sergeev and Vladimirov [SV] ). Other examples of everywhere Levi degenerate hypersurfaces that arise naturally are given, for motivation, in §6. For the class of hypersurfaces described above, we define a new CR invariantk (see (3.8)). One of our main results is the following. We refer the reader to §1 for relevant definitions. THEOREM 1 Let M be a 5-dimensional CR manifold of hypersurface type which is 2-nondegenerate and Levi uniform of rank 1 at p 0 ∈ M. (a) Ifk( p 0 ) = 0, then there exist an open neighborhood M 0 of p 0 in M, a principal fiber bundle P 0 → M 0 with a 2-dimensional group G 0 ⊂ GL(R 3 ), and a 1-form ω 0 on P 0 which defines an isomorphism between T u P 0 and R 7 for every u ∈ P 0 and reduces the CR structure on M 0 to a parallelism.
(b)
If |k( p 0 )| = 2, then there exist an open neighborhood M 1 of p 0 in M, a principal fiber bundle P 1 → M 1 with a 1-dimensional group G 1 ⊂ GL(R 3 ), and a 1-form ω 1 on P 1 which defines an isomorphism between T u P 1 and R 6 for every u ∈ P 1 and reduces the CR structure on M 1 to a parallelism.
Theorem 1 is a consequence of the more detailed Theorems 3.1.37 and 3.2.9. The reader should observe that ifk( p 0 ) = 0 and |k( p 0 )| = 2, then there are two different bundles over a neighborhood of p 0 . Both P 0 and P 1 are submanifolds of a larger principal G-bundle P → M, which is defined in a more general context in §2. In general, P 1 , although of lower dimension, is not a submanifold of P 0 . The groups G 0 and G 1 are subgroups of G. The bundle P 1 is a reduction of P, whereas P 0 is in general not; the action of G 0 on P 0 differs slightly from the action of G 0 on P. The bundles P 0 , P 1 are uniquely defined by intrinsic conditions on M. Hence, P 0 extends as a bundle over the (open) subset of points on M wherek = 0, and P 1 extends as a bundle over the subset of points where |k| = 2.
We should also mention that the groups G 0 , G 1 , and hence the bundles P 0 , P 1 , in Theorem 1 are disconnected and have two components. In order to obtain a connected bundle, we have to choose an orientation for the CR structure at p 0 as explained in §3 (see Theorems 3.1.37 and 3.2.9).
As mentioned above, the most important example is the tube C over the light cone for which the invariantk ≡ 2i. We now characterize C among all M, as in Theorem 1, by a curvature condition in the spirit of the characterization of the sphere among strongly pseudoconvex hypersurfaces as described §0.1. There is a subgroup H of GL(C 4 ) and a subgroup H 0 of H such that H can be viewed as a principal fiber bundle over C with group H 0 . The matrix-valued Maurer-Cartan forms of H define a Cartan connection on C valued in h, the Lie algebra of H , with vanishing curvature = d − ∧ . (All this is explained in detail in §4.) Now, sincek is an invariant which is ≡ 2i for C , a necessary condition for a CR manifold M, as in Theorem 1, to be locally equivalent to C isk ≡ 2i for M. For such M we can identify the group G 0 with the group H 0 and construct, using ω, an h-valued 1-form which, unfortunately, in general is not a Cartan connection. However, we have the following result, which is a consequence of the more detailed Theorem 4.31.
THEOREM 2
Let M be a real-analytic CR manifold satisfying the conditions in Theorem 1 witĥ k ≡ 2i near p 0 ∈ M. Then there exists an h-valued 1-form on the principal bundle P 0 → M 0 , where M 0 ⊂ M and P 0 are given by Theorem 1, which gives an isomorphism between T u P 0 and h for every u ∈ P 0 and has the following property. There exists a real-analytic CR diffeomorphism f : M → C , defined near p 0 ∈ M, if and only if the curvature
vanishes identically near p 0 .
Remark. Examples of real-analytic hypersurfaces that satisfy the conditions in Theorem 2 at generic points include tubes over homogeneous algebraic varieties in R 3 (see Proposition 6.13) and tubes over surfaces in R 3 which are everywhere characteristic for the wave operator (see Proposition 6.27). An example of a real-analytic hypersurface satisfying the conditions in the theorem (at generic points) for which the curvature ≡ 0 is given by
. This fact is a consequence of Proposition 6.36.
We conclude this section by giving two applications of Theorem 1. We use the notation Aut(M, p 0 ) for the stability group of a CR manifold M at p 0 ∈ M, that is, the group of germs at p 0 of local smooth CR diffeomorphisms f :
Suppose that M satisfies the conditions of Theorem 1 at p 0 . Pick any point u ∈ P p 0 , where P → M is the principal G 0 bundle given by Theorem 1 and P p denotes the fiber over p ∈ M. By [K, Theorem 3.2] and Theorem 1, the group Aut(M, p 0 ) embeds as a closed submanifold of the fiber P p 0 ∼ = G 0 via the mapping
where F : P → P is the lift of f as in diagram (0.1.1). Thus, dim Aut(M, p 0 ) is at most 2 if the invariant |k( p 0 )| = 2 and at most 1 if |k( p 0 )| = 2. We formulate this as follows.
COROLLARY 3
Let M be a 5-dimensional CR manifold of hypersurface type which is 2-nondegenerate and Levi uniform of rank 1 at p 0 ∈ M. Then dim Aut(M, p 0 ) ≤ 2.
The bound in Corollary 3 cannot be improved since dim Aut( C , p) = 2 for any p ∈ C , as is shown in §4. We should mention that in [Er] it was shown that the bound Aut(M, p 0 ) ≤ 3 holds for the class of all real-analytic 2-nondegenerate hypersurfaces in C 3 ; observe that when M is real-analytic, then it follows from the reflection principle in [BJT] that every f ∈ Aut(M, p 0 ) is real-analytic.
As our final application we give a strong unique continuation principle for CR mappings. We use the notation f : (M, p 0 ) → (M , p 0 ) to denote the fact that f is a smooth mapping defined in a neighborhood of p 0 in M, sending this neighborhood into M and f ( p 0 ) = p 0 . THEOREM 4 Let M, M be 5-dimensional CR manifolds of hypersurface type, and assume that both M and M are Levi uniform and 2-nondegenerate at p 0 ∈ M and p 0 ∈ M ,
A similar unique continuation principle follows from the work of Chern and Moser [CM] for Levi nondegenerate CR manifolds. We should point out that Theorem 4 is new even for embedded real hypersurfaces. In addition, for embedded real hypersurfaces one can relax the condition that the mappings be diffeomorphisms. To state a more general result in this case, we need a definition. If M is minimal at p 0 (see [BER, Chapter 1] for the definition; we mention here only the fact that if a hypersurface M is 2-nondegenerate, then it is minimal), then any smooth CR mapping f : (M, p 0 ) → (M , p 0 ) attains its maximal rank on a dense open subset of any sufficiently small neighborhood of p 0 (see [BR3] ). Following [BR3] , we call this integer the generic rank of f near p 0 .
THEOREM 5 Let M, M ⊂ C 3 be smooth real hypersurfaces, and assume that both M and M are Levi uniform and 2-nondegenerate at p 0 ∈ M and p 0 ∈ M , respectively. Let f 0 : (M, p 0 ) → (M , p 0 ) be a smooth CR mapping such that its generic rank near p 0 is at least 3. If f 1 :
Theorems 4 and 5 are proved in §5.
Remarks. (i) An inspection of the proofs of Theorems 4 and 5 shows that it is not necessary for the mappings to be C ∞ for the conclusion to hold. Indeed, it suffices to assume that the mappings are C 2 . On the other hand, even if we assume only C 2 -regularity of the mappings, the proof (in combination with standard result on regularity for solutions of PDEs) actually yields C ∞ -smoothness. Moreover, if M and M in addition are assumed to be real-analytic, then the conclusion is that the mappings are real-analytic (cf. also [Ha] , [Hay] ). Hence, the method of proof also gives regularity results, and a reflection principle in the real-analytic case. The reflection principle, however, follows from the more general one in [BJT] (as mentioned above) once it is shown that the mappings are local diffeomorphisms (i.e., the last conclusion in Theorem 5). Since this part of Theorem 5 essentially follows from previous results due to M. Baouendi and L. Rothschild (see the proof), this reflection principle should be regarded as a known result.
(ii) The generic rank condition imposed on f 0 in Theorem 5 is necessary for the conclusion to hold. In the example in §5.3, we show that there are real hypersurfaces M, M ⊂ C 3 with points p 0 ∈ M and p 0 ∈ M as in Theorem 5, and a smooth CR mapping f 0 : (M, p 0 ) → (M , p 0 ) with generic rank 2 near p 0 such that j k p 0 ( f 0 ) equals the k-jet of the constant mapping for any nonnegative integer k, but f 0 is not constant in any neighborhood of p 0 .
Preliminaries
Let M be a CR manifold with CR bundle V . Recall that this means that V is a subbundle of the complexified tangent bundle CT M such that V p ∩V p = {0} for every p ∈ M, and V is formally integrable; that is, any commutator between sections of V is again a section of V . Sections of V are henceforth called CR vector fields. We denote the CR dimension of M, that is, the (complex) dimension of the fibers V p for p ∈ M, by n. We assume that M is of hypersurface type; that is, the complex dimension of T 0 Let L1, . . . , Ln be a basis for the CR vector fields near some distinguished point p 0 ∈ M. Also, let θ be a nonvanishing characteristic form near the same point p 0 . We define a linear operator TĀ on the holomorphic 1-forms on M, that is, the sections of T M, near p 0 by
where denotes the usual contraction by a vector field. Note that, for a holomorphic 1-form ω, TĀω is again a holomorphic 1-form which can be thought of as the Lie derivative of ω along the vector field LĀ.
For p ∈ M near p 0 and positive integers k, we define the subspace E k, p ⊂ T p M as the (complex) linear span of θ p and (TĀ j · · · TĀ 1 θ) p , for all 1 ≤ j ≤ k and all j-tuples (A 1 , . . . , A j ) ∈ {1, . . . , n} j . We define E 0, p to be T 0 p M. The CR manifold M is said to be finitely nondegenerate at p of
for some integer k ≥ 1, and k 0 -nondegenerate at p if k 0 is the smallest integer k for which (1.2) holds. It was shown in [E2] (see also [BER, Chapter 11] ) that this definition is consistent with the one for real hypersurfaces of C n+1 given in [BHR] .
(These notions can also be extended to CR manifolds of arbitrary codimension; see, e.g., [BER] .) The Levi form, L θ , of M at p and θ p is a Hermitian form on V p which, relative to the basis L1 , p , . . . , Ln , p , is represented by a Hermitian (n × n)-matrix gĀ B ( p) 1≤A,B,≤n , where
We use here and throughout this paper the convention that L B = LB. The Levi form can also be expressed using the Lie derivative as follows:
From this observation we see that 1-nondegeneracy of M at p is equivalent to the classical notion of Levi nondegeneracy of M at p. Definition 1.5 A CR manifold M of hypersurface type is 1-uniform or Levi uniform (of rank r ) at p ∈ M if the rank of the Levi form is constant (and equal to r ) in a neighborhood of p.
Observe that the extremal cases of CR manifolds which are Levi uniform of rank zero or n at a point p are precisely those which are Levi flat or Levi nondegenerate, respectively, at p. Such CR manifolds, which, in addition, are real-analytic, are by now fairly well understood: a real-analytic Levi flat CR manifold is locally CR equivalent to the real hyperplane Im Z n+1 = 0 in C n+1 , and a theory for real-analytic Levi nondegenerate CR manifolds was developed by Cartan [C1] , [C2], Tanaka [T1] , [T2], and Chern and Moser [CM] . The reader should also observe that any real-analytic CR manifold is Levi uniform outside a proper real-analytic subvariety (in particular, on a dense open subset). Let us point out that the tube over the light cone (see Example 0.2.1) is an example of a Levi uniform CR manifold which is neither Levi nondegenerate nor Levi flat.
We denote by N p ⊂V p the Levi nullspace at p, that is, those vectors X p ∈V p for which the linear form Y p → L θ (Y p ,X p ) on V p is zero. If M is Levi uniform (of rank r ) at p 0 ∈ M, then the subspaces N p for p near p 0 form a (rank n − r ) subbundle N ofV . From now on, we assume that M is Levi uniform of rank r , with 0 < r < n, in a neighborhood of p 0 (to which we restrict our attention). We may arrange our basis for the CR vector fields L1, . . . , Ln so that L r +1 , . . . , L n is a basis for the sections of N near that point. The Levi form for p near p 0 then takes the form
where (gᾱ β ) 1≤α,β≤r is an r × r nondegenerate Hermitian matrix of smooth functions.
In what follows we use the summation convention and also the convention that capital roman indices A, B, . . . run over the integers {1, . . . , n} and Greek indices α, β, . . . run over {1, . . . , r }. The cubic tensor (see, e.g., Freeman [F1] and Webster [We2] ) can now be represented near p 0 by n − r (n × n)-matrices (hĀB k ) 1≤A,B≤n , k = r + 1, . . . , n, of smooth functions, where
The cubic tensor is usually defined using commutators of three vector fields (see [We2] ), but for a Levi uniform manifold it is not difficult to see (cf. the computation in the proof of Proposition 1.8) that the commutator definition coincides with the one using Lie derivatives given here. We should point out that higher-order tensors, or Levi forms, have also been studied in the literature (see, e.g., [F1] , [We2] , [E3] ). We do not discuss these further in this work. PROPOSITION 
1.8
Assume that M is Levi uniform of rank r at p 0 . Then, in the notation introduced above, for every k = r + 1, . . . , n and all p in a neighborhood of p 0 , it holds that hĀB k = 0 whenever A or B belongs to {r + 1, . . . , n}.
Proof
Using a well-known identity (see, e.g., [He, Chapter 1.2] ; see also the remark concerning our normalization of the pairing ·, · in [E3]), we have
where the last identity follows from the fact that TĀθ, L k ≡ 0 and TĀθ, LB ≡ 0. It is not difficult to see that the matrices hĀB k are symmetric (cf. [E3] ), so to prove the proposition it suffices to show that hĀl k = 0 in a neighborhood of p 0 for k, l ≥ r + 1; that is, TĀθ, [Ll , L k ] = 0 in view of (1.9). To this end, note, using the fact that L k, p and L l, p are null vectors for the Levi form at every p near p 0 , that
(1.10)
Thus, by also using the Jacobi identity, we obtain
(1.11)
The second term on the right-hand side of (1.11) vanishes since [LĀ, Ll ] is a CR vector field by the formal integrability of V and L k is a null vector field for the Levi form. To show that the first term also vanishes, we must show that [L k , LĀ] is a section of V ⊕V . This fact follows again from the fact that L k is a null vector field for the Levi form since the latter is equivalent to θ, [L k , LĀ] = 0 for every A = 1, . . . , n. The proof of Proposition 1.8 is complete.
Let us digress briefly to note the following result which, although of no importance for the remainder of this paper, follows from (the proof of) Proposition 1.8 above. The result is most certainly known, but we include the brief proof for the convenience of the reader. PROPOSITION 
1.12
If M ⊂ C n+1 is a real hypersurface that is Levi uniform of rank r < n at p 0 ∈ M, then M is foliated by complex manifolds of dimension n − r in a neighborhood of p 0 .
Remark 1.13
As mentioned in the introduction, the foliation given by Proposition 1.12, even when M is real-analytic, can in general not be locally straightened; that is, it is in general not true that M, as in the proposition, is CR equivalent to a real hypersurface of the formM ×C r ⊂ C n+1 , whereM is a real hypersurface in C n+1−r and r > 0. Indeed, if M is CR equivalent toM ×C r (which is a holomorphically degenerate hypersurface), then it cannot be finitely nondegenerate at any point (see, e.g., [BER, Chapter 11] ). Obstructions to local straightening were also studied by Freeman [F1] .
Proof of Proposition 1.12
An immediate consequence of Proposition 1.8 and (1.9) is that, for k, l ≥ r + 1,
where the a m kl and bm kl are smooth functions satisfying a m lk + bm kl = 0. A similar argument shows that N is formally integrable, that is, the commutator [L k , L l ], for k, l ≥ r +1, is also a section of N. Thus, by the Frobenius theorem, M is foliated near p 0 by 2(n − r ) -dimensional integral manifolds of Re L k , Im L k , k = r + 1, . . . , n. By the Newlander-Nirenberg theorem, these manifolds are (n − r )-dimensional complex submanifolds in C n+1 .
Returning to the cubic tensor, we observe that Proposition 1.8 shows that the matrices (hĀB k ) representing it are of the form
We conclude this section with the following observation, whose proof is immediate and left to the reader, characterizing 2-nondegeneracy for Levi uniform CR manifolds of rank r in terms of the (r × r )-matrices (hᾱβ k ) in (1.15).
PROPOSITION 1.16
Assume that M is Levi uniform of rank r at p 0 . Then in the notation introduced above, M is 2-nondegenerate at p 0 if and only if the symmetric matrices hᾱβ k ( p 0 ) 1≤α,β≤r , k = r + 1, . . . , n, are linearly independent over C.
A G-structure for Levi uniform CR manifolds of rank n − 1
We keep the notation from the previous section. However, from now on we restrict ourselves to the case r = n − 1, that is, the case where the rank of the Levi form near p 0 is n − 1. Thus, we assume that M is a smooth CR manifold (of hypersurface type) of CR dimension n which is Levi uniform of rank n − 1 at a distinguished point p 0 ∈ M. We restrict our attention to a small neighborhood of p 0 . In what follows, M denotes a sufficiently small neighborhood of p 0 . We have the following invariant subbundles of the cotangent bundle CT * M:
where T 0 M and T M were introduced in §1 and where T M is defined by
Let θ, θ 1 , . . . , θ n be a basis for the holomorphic 1-forms (i.e., sections of T M) with the additional properties that θ is real and a basis for the sections of T 0 M and θ, θ 1 , . . . , θ n−1 is a basis for the sections of T M. Any other such basisθ ,θ 1 , . . . ,θ n is related to θ, θ 1 , . . . , θ n by
where the coefficients in the (n + 1) × (n + 1) -matrix in (2.4) are smooth functions (all complex valued except u, which is real valued); also, recall that we are using the summation convention and that Greek indices run over the set {1, . . . , n − 1} since r = 1 here.
then Y → M is a principal fiber bundle over M with group G; (2.5) gives a trivialization of Y in which (u, u α , u α β ), or S given by (2.6), are (global) coordinates of Y . We denote by g the Lie algebra of G, that is, the space of matrices
where M (C n−1 ) denotes the space of all (n − 1) × (n − 1) -matrices. If we pull back the forms θ, θ A , θĀ (where capital roman indices run over {1, . . . , n}) to Y , still denoting the pulled back forms by θ, θ A , θĀ, then (2.5) defines 1-forms ω, ω α , ωᾱ on Y . The reader can verify that the latter 1-forms are invariantly defined on Y , that is, independent of the initial choice of θ, θ α , θᾱ above.
Differentiating the 1-forms ω, ω α , ωᾱ, we obtain
8)
where S ∈ G is given by (2.6). The elements of the matrix-valued 1-form d SS −1 are Maurer-Cartan forms for the Lie group G (see, e.g., [G] ). Let L , L A , LĀ denote a dual basis relative to θ, θ A , θĀ. Thus, the LĀ form a basis for the CR vector fields, L A = LĀ, and L n spans the Levi null bundle N. We use the notation and representations introduced in §1 for the Levi form and cobic tensor (relative to the bases chosen).
Since M is Levi uniform of rank n − 1 near p 0 , the Levi form (gĀ B ) satisfies (1.6) with r = n − 1, and the cubic tensor (hĀB n ) satisfies, by Proposition 1.8, hnB n = hĀn n = 0 in a neighborhood of p 0 . Moreover, the matrix (hᾱβ n ) is symmetric. The matrix (gᾱ β ) is invertible and Hermitian, and we denote its inverse by (gᾱ β ); that is,
Using the formal integrability of V and the fact that θ is real, we obtain
where φ is a real 1-form. Similarly, by the formal integrability we can write
10)
for some 1-forms η α and η α β , and some matrix (h αB ).
LEMMA 2.11
In the notation introduced above, we have
Recall the operators TĀ introduced in §1. Observe that, by the definition of T M and the fact that L n spans N, the 1-forms θ and Tᾱθ form a basis for the sections of T M, and Tnθ = cθ for some smooth function c. Indeed, we have
for some smooth functions c β , as is straightforward to verify. In view of (2.13), a direct calculation using the definition of the cubic tensor shows
On the other hand, a calculation using (2.10) shows
which completes the proof.
Thus, we rewrite (2.10) as follows:
In view of (2.8), we can write
where , α , ᾱ := α , α β , ᾱ β := α β are Maurer-Cartan forms for G modulo ω, ω α , ωᾱ, θ n , θn and whereĝᾱ β andĥ ᾱ β are functions on Y ∼ = M × G satisfying the following:
where S, T ∈ G with S given by (2.6) and p ∈ M. The last action of G in (2.18) can also be described using the cubic tensorĥᾱβ n =ĝᾱ µ h μ α /2i by
The 5-dimensional case
We now proceed under the assumption that n = 2. Thus, M is a 5-dimensional CR manifold which is Levi uniform of rank 1; Greek indices α, β, . . . now run over the single integer 1. In what follows we also assume that M is 2-nondegenerate at p 0 , which in this case simply amounts to requiring thatĥ11 2 ( p 0 ) = 0.
In view of the first identity in (2.18) and (2.19), we can make an initial choice of the θ, θ 1 so that (the (1 × 1)-matrix) g1 1 is constant with g1 1 = 1 and (the (1 × 1)matrix) h11 2 is positive near p 0 . By a suitable initial choice of θ 2 , we may further assume that h11 2 is constantly equal to 1 near p 0 . It follows from (2.18) and (2.19), as the reader can verify, that on the bundle Y the equationŝ
define a reduction (see, e.g., [Ste, Chapter 7] ) Y 1 of Y to a principal bundle over a neighborhood of p 0 (which we identify with M) with group G 1 consisting of those matrices S, as in (2.6) with n = 2, for which u > 0 and u 1 1 = ±u 1/2 . Hence, the bundle Y 1 has two connected components over M and for each component the covectors ω 1 ( p 0 , u, u 1 1 ), given by the points on this component, define a linear form onV p 0 which is invariantly defined up to multiplication by a positive number. We refer to a choice of this linear form (up to multiplication by a positive real number) as a choice of orientation for the normalized CR structure at p 0 . Thus, a choice of orientation determines a component Y 1 of Y 1 which is a principal bundle over M with group G 1 ⊂ G, where G 1 consists of those matrices S, as in (2.6) with n = 2, for which u > 0 and u −1/2 u 1 1 = 1. In what follows we assume that such a choice of orientation has been made. We use the fiber coordinates (u, u 1 ) ∈ R + × C in the trivialization of Y 1 given by a choice of θ, θ 1 , θ 2 as described above.
It is easy to compute the Lie algebra g 1 of G 1 . We have T ∈ g 1 if and only if
Taking the pullbacks of all the forms ω, ω 1 , ω1, θ 2 , θ2, , 1 , 1 1 to Y 1 , we see from
is valued in g 1 modulo (ω, ω 1 , ω1, θ 2 , θ2), that is,
Let us therefore rewrite (2.17) as follows:
where, by a slight abuse of notation, all the forms in (3.5) denote the pulled back forms on Y 1 . The 1-form is uniquely determined by the form of the structure equation (3.5) up to transformations˜
where a is a smooth function on Y 1 ; that is, replacing by˜ given by (3.6) preserves (3.5), and this is the only transformation doing so, as is easily verified (cf. also [G, Lecture 3] ). In fact, a direct calculation shows that
where φ is the pullback of a real 1-form on M. The 1-form θ 2 on Y 1 is determined by the conditionĥ11 2 ≡ 1 up to transformations
where c, c 1 are smooth functions on Y 1 . The 1-form 1 is determined modulo ω, ω 1 , ω1, θ 2 , θ2. The precise form of the indeterminacy in 1 is not important at this point. By using the integrability of V and the fact thatĥ11 2 is constant on Y 1 , we deduce that we can write
where η and η 1 are 1-forms (depending also on c 1 and c),
The reader can easily verify that the functionk is also uniquely determined, that is, independent of the choice of , 1 , θ 2 . It is also easy to check that the functionsr 1 1 , s 1 1 in (3.5) are uniquely determined and that they are constant on the fibers Y 1 → M. Hence,k( p),r 1 1 ( p),ŝ 1 1 ( p) are invariants of the CR structure on M at p ∈ M. However, they are not independent, as the following proposition shows. PROPOSITION 
3.10
We have the following identities:ŝ 1 1 =r 1 1 = 1 2k .
(3.11)
Proof
Differentiating the first row in the structure equation (3.5), using the fact that d 2 ω = 0, we obtain
Applying equation (3.5) again, we obtain
The first identity in (3.11) follows immediately from (3.13). To prove the second identity, we differentiate the formula for dω 1 given by (3.5). We obtain
If we substitute (3.5) and (3.9) in (3.14) and collect the (ω1 ∧ θ2 ∧ θ 2 )-terms, we obtain 2ik = 2ir 1 1 + 2iŝ 1 1 , (3.15) which proves the second identity in (3.11).
For future reference, let us remark that the functiont 1 11 in (3.5) depends on the choice of θ 2 . For such a fixed choice, the functiont 1 11 satisfies the following on Y 1 :
where S, T ∈ G 1 and S is given by (2.6). Let us also observe that replacing θ 2 byθ 2 , as given by (3.7), the functiont 1 11 changes bŷ t 1 11 →t 1 11 − (2ic 1 +ŝ 1 1 c 1 ).
(3.17)
We distinguish two cases and begin by handling the most difficult one, which also contains the tube over the light cone as given by Example 0.2.1.
3.1. The casek( p 0 ) = 0 First, sincek( p 0 ) = 0, there exists a small open neighborhood of p 0 in whichk = 0. We identify M with this neighborhood of p 0 in this subsection. Recall the formula in (3.9) for the coefficientk1 of ω1 ∧θ 2 in dθ 2 . Since |k( p 0 )| could equal 2, it may not be possible to solve the equationk1 = 0, that is,
for c 1 in a neighborhood of p 0 . Let us writê
1.2)
where r > 0 and t are real-valued functions on Y 1 which are constant on the fibers of Y 1 → M. We seek c 1 in the form
where ρ 1 , ρ 2 ∈ R. We can choose ρ 2 uniquely so that k1 = ir e it/2 for some real-valued function r on Y 1 which is constant on the fibers of Y 1 → M. The function ρ 2 satisfies the same transformation rule ask1; that is,
for S, T ∈ G 1 and S of the form in (2.6). We can express the above by saying that Im e −it/2 c 1 is uniquely determined by the condition Re e −it/2k1 ≡ 0.
(3.1.5) Now, with Im e −it/2 c 1 determined by (3.1.5), equation (3.17) implies that the function t 1 11 is determined up tot 1 11 →t 1 11 − 2iρ 1 e it/2 +ŝ 1 1 ρ 1 e −it/2 , or equivalently, in view of Proposition 3.10 and (3.1.2),
Let us write u 1 = e it/2 (x + i y). It follows from (3.16) that there is a submanifold Y 2 ⊂ Y 1 , which is defined (uniquely in view of (3.1.6)) by the equation
The manifold Y 2 can be viewed as a principal fiber bundle Y 2 → M with group G 2 ⊂ G 1 , where G 2 is defined by the equation
if we let G 2 act on Y 2 as follows:
Observe that the principal G 2 bundle Y 2 is a reduction of the principal G 1 bundle Y 1 only if the phase function t is constant. By definition, we havet 1 11 = ir e it/2 , for some real-valued function r , on the bundle Y 2 . Hence, we can determine ρ 1 uniquely in (3.1.6) so thatt 1 11 ≡ 0 (3.1.11) on Y 2 . It follows from (3.16) and (3.1.6) that we have
for S, T ∈ G 2 and S of the form (2.6) with u 1 = e it/2 x and x ∈ R. Thus, θ 2 is determined on Y 2 up tõ
by (3.1.5) and (3.1.11). Observe that on Y 2 , where u 1 = e it/2 x for x ∈ R, we have 1 = e it/2 ξ mod ω, ω 1 , ω1, θ 2 , θ2, (3.1.14)
where ξ is a real 1-form on Y 2 which is not uniquely determined. We can write the structure equation for dω 1 on Y 2 as follows:
for some functions b and e on Y 2 . Using (3.6) and (3.1.13), we obtain
Here q is an arbitrary real-valued function on Y 2 , and a and c are as in (3.6) and (3.1.13), respectively. We deduce that ξ is determined by the structure equation 
where we have used the notation ζ = e −it c.
By (3.13), we have on Y 1 ,
for some real 1-form . Hence, on Y 2 we have, by (3.1.14),
for some 1-forms , 1 , 1 = 1 on Y 2 such that 1 = 0 modulo ω 1 , ω1, θ 2 , θ2.
Recall that is determined up to transformations (3.6), θ 2 up to transformations (3.1.13), and ξ up to transformations (3.1.20). Substituting in (3.1.22), we obtain
where . . . signify the remaining terms in the expansion of d˜ and 
where . . . signify the remaining terms in the expansion of dθ 2 andm is given bỹ
for some function m on Y 2 ; in the last line of (3.1.29), we have used c = e it ζ . Since r > 0, we can determine ζ uniquely by the conditioñ m = 0.
(3.1.30)
Let us summarize our efforts so far. We have determined and θ 2 uniquely on Y 2 . The 1-form ξ is determined up tõ ξ = ξ + qω, (3.1.31)
for some real-valued function q on Y 2 . We conclude the construction in this section by defining a unique choice of ξ . In view of (3.1.22), we have
for some function l on Y 2 . Hence, we may determine q uniquely by the condition Im e it/2l = 0.
(3.1.34)
The uniquely determined, linearly independent 1-forms ω, Re ω 1 , Im ω 1 , Re θ 2 , Im θ 2 , , ξ (3.1.35)
on Y 2 form a global coframe for T * Y 2 and hence define an absolute parallelism on Y 2 . The following result is a consequence of the construction above (see [G] or [CM] ).
We use the notation introduced previously, and also,
(3.1.36) THEOREM 3.1.37 Let M be a 5-dimensional CR manifold of hypersurface type which is 2-nondegenerate and Levi uniform of rank 1 at p 0 ∈ M. Suppose thatk( p 0 ) = 0 and that an orientation is chosen for the normalized CR structure at p 0 (as explained in §3). Then there exist an open neighborhood M 0 of p 0 in M, a principal fiber bundle Y 2 → M 0 with a 2-dimensional structure group G 2 ⊂ GL(C 3 ), and a 1-form ω on Y 2 which defines an isomorphism between T y Y 2 and R 7 for every y ∈ Y 2 and such that the following holds. Let M be a 5-dimensional CR manifold of hypersurface type which is 2-nondegenerate and Levi uniform of rank 1 at p 0 ∈ M. Suppose thatk ( p 0 ) = 0 (where corresponding objects for M are denoted with ) and that an orientation is chosen for the normalized CR structure of M at p 0 . Then if there exists a local CR diffeomorphism f : (M, p 0 ) → (M , p 0 ) preserving the oriented CR structures of M and M at p 0 and p 0 , respectively, there exists a diffeomorphism F : Y 2 → Y 2 with π • F(π −1 ( p 0 )) = { p 0 } such that F * ω = ω and the following diagram commutes:
preserving the oriented CR structures of M and M at p 0 and p 0 , respectively, such that (3.1.38) commutes. The 1-form ω is given by (3.1.36 ) and is uniquely determined by (3.1.5), (3.1.11), (3.1.25), (3.1.30), and (3.1.34) . The group G 2 is defined by (3.1.10) .
3.2. The case |k( p 0 )| = 2 Since |k( p 0 )| = 2, there is a small neighborhood of p 0 in M in which |k| = 2. In this neighborhood, which we identify with M in this section, we can solve uniquely for c 1 in the equationk1 = 0, (3.2.1) wherek1 is given by equation (3.1.1). Thus, c 1 is uniquely determined by condition (3.2.1), and hence θ 2 is determined up to transformations of the form in (3.1.13). Moreover, it follows from (3.16) that there exists a uniquely determined submanifold
The submanifold Y 3 is a subbundle (a reduction) of the principal G 1 -bundle Y 1 with group G 3 , where G 3 is the subgroup of G 1 defined by
Thus, on Y 3 we have 1 = 0 modulo ω, ω 1 , ω1, θ 2 , θ2. It follows that the structure equation for dω 1 on Y 3 can be written
for some functions 1 b, 2 b, 1 e, and 2 e on Y 3 . We can determine c, and hence θ 2 , uniquely on Y 3 by the condition 2b = 0.
(3.2.6)
We then determine a, and hence , uniquely on Y 3 by the condition Re 1b = 0.
(3.2.7)
The uniquely determined 1-forms
on Y 3 form a global coframe for T * Y 3 and hence define an absolute parallelism on Y 3 . As in 3.1, we have the following result. We use the notation introduced above, and also,
(3.2.8) THEOREM 3.2.9 Let M be a 5-dimensional CR manifold of hypersurface type which is 2-nondegenerate and Levi uniform of rank 1 at p 0 ∈ M. Suppose that |k( p 0 )| = 2 and that an orientation is chosen for the normalized CR structure at p 0 (as explained in §3). Then there exist an open neighborhood M 0 of p 0 in M, a principal fiber bundle Y 3 → M 0 with a 1-dimensional structure group G 3 ⊂ GL(C 3 ), and a 1-form ω on Y 3 which defines an isomorphism between T y Y 3 and R 6 for every y ∈ Y 3 and such that the following holds. Let M be a 5-dimensional CR manifold of hypersurface type which is 2-nondegenerate and Levi uniform of rank 1 at p 0 ∈ M. Suppose that the invariant |k ( p 0 )| = 2 (where corresponding objects for M are denoted with ) and that an orientation is chosen for the normalized CR structure of M at p 0 . Then if there exists a local CR diffeomorphism f : (M, p 0 ) → (M , p 0 ) preserving the oriented CR structures of M and M at p 0 and p 0 , respectively, there exists a diffeomorphism F :
Conversely, if there exists a diffeomorphism F : Y 3 → Y 3 with π • F(π −1 ( p 0 )) = p 0 such that F * ω = ω, then there exists a CR diffeomorphism f : (M, p 0 ) → (M , p 0 ) preserving the oriented CR structures of M and M , such that (3.2.10) commutes. The 1-form ω is given by (3.2.8) and is uniquely determined by (3.2.1), (3.2.6), and (3.2.7) . The group G 3 is defined by (3.2.3) , and on Y 3 , (3.2.2) holds.
A curvature characterization of the tube over the light cone in C 3
In this section, we continue to consider only the case n = 2. We change slightly the convention from §2 that capital roman indices A, B, etc., run over the set {1, 2} (i.e., {1, . . . , n} with n = 2) and instead let them run over the set {1, 2, 3}. We also use the convention that small roman indices a, b, etc., run over the set {0, 1, 2, 3}.
Denote by the light cone in R 3 , that is, the zero locus of the quadratic form {x, x} where {·, ·} denotes the bilinear form which in the standard coordinates of R 3 is given by
We denote by C the tube in C 3 over (as in Example 0.2.1). Hence, C is the zero locus of {Z , Z } C , where {z, w} C for complex vectors z, w ∈ C 3 is defined by
We call a frame for C a 4-tuple (Z 0 , Z 1 , Z 2 , Z 3 ) of 4-vectors, where
which satisfy the following conditions. The real vectors x 1 , x 2 , x 3 ∈ R 3 satisfy
and also Re t z 0 = x 1 . (4.5)
Observe that conditions (4.4) are equivalent to the fact that the (symmetric) matrix representation of the bilinear form {·, ·} relative to the basis x 1 , x 2 , x 3 is by the matrix , where
We also write = (λ AB ).
(4.7)
The set of all frames for C can be viewed as a real subgroup of the complex Lie group GL(C 4 ) as follows. If (Z 0 , Z A ) is a given frame, then any other frame (Z 0 , Z A ) is obtained as
and also det(k A B ) = 1.
(4.10)
We denote by H the subgroup of GL(C 4 ) consisting of all matrices of the form
which satisfy (4.9) and (4.10). We also denote by K the subgroup of GL(R 3 ) which consists of (k A B ) satisfying (4.9) and (4.10). The group K is isomorphic to the Lorenz group SO(2, 1). Indeed, if O denotes the orthogonal transformation for which O τ O equals the diagonal matrix with 1, 1, −1 on the diagonal, then K = O (SO(2, 1) )O τ .
Note that (4.2), (4.4), and (4.5) imply that Z 0 , considered as the affine point z 0 ∈ C 3 where Z 0 and z 0 are as in (4.3), can be viewed as a point on C . We denote by H 0 the subgroup of H consisting of those matrices which preserve Z 0 as an affine point on C , that is, the group of matrices of the form
for some a ∈ R. Thus, the group of frames for C (which, given a fixed frame, can be identified with the group H via (4.8)) is a principal fiber bundle P → C with group H 0 . Let us now choose an orientation, as explained in §3, for the normalized CR structure of C and denote by P the group of frames consistent with this orientation. Then, as is easily verified, P is isomorphic to the group H , where H is the subgroup of H consisting of matrices of the form (4.11) with v > 0. If we also denote by H 0 the subgroup of H 0 consisting of those matrices of the form (4.12) for which v > 0, then P → M is a principal fiber bundle with group H 0 . The reader should note that C has two connected components. This is reflected on the bundle P by the fact that the Lorenz group SO(2, 1) has two components.
A choice for the (4 × 4)-matrix = (π a b ) of Maurer-Cartan forms for the group H is given by
The Maurer-Cartan equations of structure then become
which follows directly from differentiating (4.14). Due to the form (4.3) of the frames (Z 0 , Z A ), we have that π 0 0 = dv/v, π 0 A = 0, and the π b a are real. By differentiating defining equations (4.5) and again using these equations, we deduce that the (3 × 3)matrix (π B A ) (which is a Maurer-Cartan matrix for the group K ) is given by
16)
for some real 1-forms π 1 1 , π 1 2 , π 2 1 . By differentiating Z 0 = v(1, z 0 ), we obtain
Thus, by equation (4.5), we have (4.18) and hence, also using (4.14),
Using (4.16), we obtain the equations
(4.20)
The last formula in (4.20) implies that π 3 0 is a purely imaginary form. The matrix of 1-forms = (π a b ) is valued in the Lie algebra h of H , and if we change frame using (4.8), then the corresponding matrix of 1-forms for the new frame (Z 0 , Z A ) is related to by where M is the matrix given by (4.11). It follows that is a Cartan connection on P with group H (see, e.g., [K, Chapter 4] and also [CM] ), which is flat (i.e., with vanishing curvature form) by (4.15). Let us relate the above to the results in previous sections. It is straightforward to verify that we can set
for the forms given by Theorem 3.1.37. Indeed, using (4.15) and (4.20), we obtain the
which satisfy the conditions of Theorem 3.1.37. Note that the invariantk, defined in §3, satisfiesk ≡ 2i. Thus, in what follows, the phase function t and the modulus r as defined by (3.1.2) are identically zero and 1, respectively.
Recall that the group of frames is a principal fiber bundle P → C with group H 0 . For any N ∈ H 0 , where N ∈ H 0 is given by (4.12) and (k A B ) by (4.13), a change of frame (Z 0 , Z A ) = (Z 0 , Z B )N results in the change of connection form
where (l C D ) denotes the inverse of (k A B ). Using (4.22) and calculating the inverse of (k B A ) given by (4.13), we deduce that (4.24) yields the corresponding transformation
(ω 1 ) = −avω + vω 1 ,
(4.25)
In particular, we obtain
(4.27)
Hence, we have defined an isomorphism φ :
(4.28)
Let M be any 5-dimensional CR manifold of hypersurface type which satisfies the conditions in Theorem 3.1.37. Furthermore, we assume that the invariantk ≡ 2i in a neighborhood of p 0 . Let ω, ω 1 , θ 2 , , ξ be the forms given by Theorem 3.1.37 such that ω is given by (3.1.36) . Define the h-valued 1-form = (π b a ) by
where π 0 0 , π 1 0 , π 2 0 , π 3 0 , π 1 1 , π 2 1 , π 1 2 are obtained by solving (4.22), also using the first two equations of (4.20). Clearly, defines an isomorphism between T y Y 2 , where Y 2 → M is the principal bundle given by Theorem 3.1.37, and h for every y ∈ Y 2 . However, it is not difficult to verify that is in general not a Cartan connection, that is, it does not transform according to (4.21). Nevertheless, when we define the curvature = d − ∧ , (4.30) a direct consequence of Cartan's solution of the equivalence problem for {1}-structures (see, e.g., [G] ) is the following characterization of the tube over the light cone. THEOREM 4.31 Let M be a 5-dimensional real-analytic CR manifold of hypersurface type which is 2-nondegenerate and Levi uniform of rank 1 at p 0 ∈ M. Assume thatk ≡ 2i. Choose an orientation for the normalized CR structure at p 0 (as explained in §3), and denote by Y 2 → M 0 the principal bundle over a neighborhood M 0 of p 0 , with 1-form ω, given by Theorem 3.1.37. Then the h-valued 1-form defined by (4.29), where
π 1 0 := 4iθ 2 , π 2 0 := 2iω 1 , π 3 0 := 2iω, π 2 1 := i(ω 1 − ω1), π 1 2 := −ξ (4.32)
and ω is given by (3.1.36) , defines an isomorphism T y Y 2 ∼ = h for every y ∈ Y 2 , with the following property. There exists a local real-analytic CR diffeomorphism f : M → C near p 0 if and only if the curvature given by (4.30) vanishes identically.
We conclude the discussion of the tube over the light cone by computing the dimension of the stability group Aut( C , p 0 ) of C at a point p 0 ∈ C . Observe that, given a frame (Z 0 , Z A ) in P, the manifold C can be viewed as the quotient group H/H 0 via the identification P ∼ = H provided by (4.8). Let us denote the affine point on C corresponding to Z 0 by p 0 . Then, under the identification C ∼ = H/H 0 , p 0 corresponds to the coset eH 0 , where e ∈ H denotes the identity matrix. The group H 0 acts on the left on H/H 0 , and each homomorphism a H 0 → ba H 0 , for b ∈ H 0 , preserves the point p 0 ∼ = eH 0 . It is straightforward to verify that the action is effective; that is, if for b ∈ H 0 the homomorphism a H 0 → ba H 0 is the identity, then b = e. Let us denote by f b : ( C , p 0 ) → ( C , p 0 ) the mapping corresponding to the homomorphism a H 0 → ba H 0 . Each f b is a CR diffeomorphism. (Indeed, it is not difficult to compute f b in coordinates and see that f b is induced by an invertible linear transformation of C 3 .) Thus, b → f b embeds H 0 as a subgroup of Aut( C , p 0 ). Since dim H 0 = 2, we conclude that dim Aut( C , p 0 ) ≥ 2. On the other hand, by Theorem 3.1.37 and [K, Theorem 3.2] , it follows (as in the introduction) that the subgroup of Aut( C , p 0 ) consisting of those CR diffeomorphisms that preserve the orientation of the CR structure chosen above embeds as a closed submanifold of P p 0 ∼ = H 0 . Hence, we have dim Aut( C , p 0 ) = 2.
Proofs of Theorems 4 and 5, and an example
Proof of Theorem 4
First of all, since M, M are assumed to be 2-nondegenerate and Levi uniform at p 0 ∈ M, p 0 ∈ M , it follows (as the reader can verify) that they must in fact be Levi uniform of rank 1 and not of rank 2 (in which case they would be Levi nondegenerate) or zero (in which case they would be Levi flat). Thus, we may apply the main results of the present paper. We keep the notation used in §3 and the convention that M and M are assumed to be sufficiently small neighborhoods of p 0 and p 0 , respectively. We have two cases to consider, namely,k( p 0 ) = 0 and |k( p 0 )| = 2. We give here only the proof in the former case and leave the other case (which is completely analogous) to the reader.
For brevity we denote by G the group G 2 and by P → M, P → M the principal G-bundles Y 2 → M, Y 2 → M given by Theorem 3.1.37 (where some choice of orientations for the normalized CR structures of M and M at p 0 and p 0 , respectively, have been made). Let θ, θ 1 , θ 2 and θ , θ 1 , θ 2 be 1-forms on M and M near p 0 and p 0 , respectively, such that the principal bundles P → M, P → M are locally trivialized:
(There is no loss of generality in assuming that f preserves the orientations of the CR structures chosen above.) For the convenience of the reader, we give here an explicit description of the diffeomorphism F : P → P provided by Theorem 3.1.37. Since f is a CR diffeomorphism, the 1-forms θ := f * (θ ),θ α := f * (θ α ) , α = 1, 2, (5.1.1) yield a basis for the sections of T M. Moreover,θ ,θ 1 yield a basis for the sections of T M andθ is a characteristic form near p 0 . In addition, there exists a smooth function γ near p 0 , valued in G, such that
The mapping F : P → P is defined by
in the local trivializations P ∼ = M × G, P ∼ = M × G (cf. also [G] ). From this it follows that, for example, F( p 0 , e), where e ∈ G denotes the identity, is completely determined by j 1 p 0 ( f ).
We now complete the proof of Theorem 4. Let f 0 , f 1 : (M, p 0 ) → (M , p 0 ) be CR mappings as in the theorem. Denote by F 0 , F 1 : P → P the lifts of f 0 and f 1 , respectively. As mentioned above, the assumption that j 1 p 0 ( f 0 ) = j 1 p 0 ( f 1 ) implies that F 0 ( p 0 , e) = F 1 ( p 0 , e). The conclusion of Theorem 4 is now a consequence of the following simple uniqueness result, whose proof is left to the reader. LEMMA 5.1.4 Let η 1 , . . . , η k and η 1 , . . . , η k be 1-forms near the origin in R k such that η 1 (0), . . . , η k (0) as well as η 1 (0), . . . , η k (0) span T 0 R k . Assume that f 1 , f 2 :
(5.1.5)
This completes the proof of Theorem 4.
Proof of Theorem 5
In view of Theorem 4, it suffices to prove the last statement in Theorem 5, namely, that f 0 is a diffeomorphism. To prove this we apply results about geometric properties of CR mappings which impose conditions, not previously introduced in this paper, on the manifolds. We refer the reader to [BER] for relevant definitions and basic results. For the remainder of this section, we denote f 0 simply by f . We first claim that the generic rank of f must in fact be 5 (= dim R M). Indeed, since M is 2nondegenerate at p 0 , there is no formal holomorphic vector field tangent to it at p 0 (see [BER, Theorem 11.7.5] ). Moreover, since M is in addition minimal at p 0 , [BR3, Theorem 2] implies that the generic rank of f is either full (i.e., 5) or even, and hence, by the generic rank assumption on f , the generic rank is either 4 or 5. It is shown in [BR3] that if the generic rank of f is 4, then M contains 2-dimensional complex submanifolds (i.e., complex hypersurfaces) through points p ∈ M arbitrarily close to p 0 . Hence, in this case M is not minimal in any neighborhood of p 0 . This contradicts the assumption that M is 2-nondegenerate at p 0 , since finite nondegeneracy implies minimality and finite nondegeneracy is an open condition. This proves the claim above.
We now choose local coordinates Z = (z, w) ∈ C 2 × C vanishing at p 0 , and Z = (z , w ) ∈ C 2 × C vanishing at p 0 such that M and M are defined, respectively, near p 0 = (0, 0) and p 0 = (0, 0) by Im w = φ(z,z, Re w) and Im w = φ (z ,z , Re w ), (5.2.1)
where φ(0) = φ (0, 0) = 0 and dφ(0) = dφ (0) = 0. Let H (Z ) denote the formal power series in Z = (Z 1 , Z 2 , Z 3 ) associated with the smooth CR map-ping f at p 0 (see [BER, Proposition 1.7.4] ).
To show that f is a local CR diffeomorphism at p 0 = 0, it suffices to show that the formal mapping H is invertible at zero. In the coordinates (z, w), and (z , w ) introduced above, we can write H (z, w) = F (z, w), G (z, w) , where F is valued in C 2 and G is valued in C. The fact that f maps M into M implies that G z, s + iφ(z,z, s) 
where ∼ denotes equality of power series. By applying the two vector fields
which are tangent to M and form a basis for the CR vector fields near zero, to (5.2.2) and setting (z,z, s) = (0, 0, 0), we first conclude that ∂G /∂z j (0) = 0 for j = 1, 2. We prove that H is invertible by showing that ∂G /∂w(0) = 0 and det(∂F j /∂z k (0)) = 0, where j, k = 1, 2.
Recall from the proof of Theorem 4 above that both M and M are Levi uniform of rank 1 at p 0 and p 0 , respectively. It follows that there is a smooth choice of Levi form in a neighborhood of p 0 in M which is positive semidefinite in that neighborhood and hence that M is pseudoconvex near p 0 . A similar argument shows that M is also pseudoconvex near p 0 . Since M is both minimal and pseudoconvex at p 0 = 0, it is also minimally convex (see [BR4] for the definition of minimal convexity and this particular statement). Since f : (M, p 0 ) → (M , p 0 ), where M is minimal at p 0 and M is minimally convex at p 0 , has generic full rank, [BR4, Theorem 2] implies that ∂G /∂w(0, 0) = 0. (This fact can also be deduced by combining [Be, Theorem 3] with [BER, Proposition 9.4.10] .) To show that det(∂F j /∂z k (0)) = 0, where j, k = 1, 2, we point out that finite nondegeneracy implies essential finiteness. Indeed, finite nondegeneracy at a point is equivalent to essential finiteness and to essential type 1 at that point (see [BER, Proposition 11.8.27] ; the reader is also referred to [BER, Chapter 11] for the definitions of essential finiteness and essential type). By [BR2, Theorem 2] and [BR1, Theorem 3], we have
] denotes the ring of formal power series in z = (z 1 , z 2 ) and the notation I F 1 (z, 0), F 2 (z, 0) stands for the ideal in C[[z]] generated by F 1 (z, 0) and F 2 (z, 0). It is not difficult to see that (5.2.4) is equivalent to det ∂F j /∂z k (0) = 0. This completes the proof of the fact that f is a local CR diffeomorphism near p 0 and hence the proof of Theorem 5.
An example showing necessity of the generic rank condition in Theorem 5
Recall that C ⊂ C 3 denotes the smooth locus of the tube over the light cone in R 3 (see Example 0.2.1 and §4). Observe that C is geometrically convex. Let us fix a point, say, p 0 = (1, 0, 1) ∈ C . The convexity of C near p 0 implies that the real linear form Re (Z ), where (Z ) := Re Z 3 − Re Z 1 , is nonnegative for all p ∈ C near p 0 . (This is of course easy to check directly as well.) Define, for Z ∈ C 3 in the half-space S := {Re (Z ) ≥ 0},
where the square root in (5.3.1) is the branch in the right half-plane which preserves the point ζ = 1. The reader can verify that the function
is holomorphic in the open half-plane D, is C ∞ in its closure D, and vanishes to infinite order on the boundary ∂ D (see also [BER, Example 1.4.9] ). Since C is locally contained in D near p 0 , meets D in a dense open subset near p 0 , and meets ∂ D at p 0 (indeed, along a complex line contained in C ), we deduce that the restriction j of J to a neighborhood of p 0 in C is a smooth CR function with generic (real) rank 2 which vanishes to infinite order at p 0 . Let M ⊂ C 3 be any smooth real hypersurface that is Levi uniform of rank 1 at p 0 ∈ M . This implies, in particular, that M is foliated near p 0 by complex curves (see, e.g., Proposition 1.12). Let γ : (C, 0) → (C 3 , p 0 ) be a parametrization of the complex curve through p 0 . The CR mapping f 0 : ( C , p 0 ) → (M , p 0 ) defined by f 0 ( p) := γ J ( p) , for p ∈ C near p 0 , is then smooth, of generic rank 2, and vanishes to infinite order at p 0 . Hence, if we also choose M to be 2-nondegenerate at p 0 , all conditions of Theorem 5 except the generic rank condition on f 0 are satisfied but the conclusion fails.
Examples of everywhere Levi degenerate CR manifolds and computations ofk
Trivial examples of real hypersurfaces in C n+1 which are everywhere Levi degenerate can be obtained by taking any hypersurface of the formM × C, whereM is a real hypersurface in C n . Such hypersurfaces, as mentioned in the introduction, are never 2-nondegenerate and hence are not of interest to us in the present paper. We give here two (from our viewpoint) more interesting situations where everywhere Levi degenerate hypersurfaces in C n+1 arise naturally. We also exhibit two classes of such manifolds for which the invariantk satisfiesk ≡ 2i and hence for which Theorem 2 is applicable (see Propositions 6.13 and 6.27). We conclude with a result showing that the curvature in Theorem 2 is a nontrivial invariant.
Example 6.1 (Everywhere characteristic hypersurfaces)
Let p(Z , ∂) := p(Z , ∂/∂ Z ) be a homogeneous holomorphic partial differential operator; that is, p(Z , ζ ) is a holomorphic function of (Z , ζ ) in some domain U ×C n+1 ⊂ C n+1 × C n+1 and a homogeneous polynomial in ζ , and , ζ ) is called the principal symbol of the operator p(Z , ∂)). A real hypersurface M ⊂ C n+1 is called characteristic at p 0 ∈ M ∩ U for p(Z , ∂) (or, more generally, for any holomorphic partial differential operator whose principal symbol is p(Z , ζ )) if p p 0 , ∂ρ( p 0 ,p 0 )/∂ Z = 0, (6.3)
where ρ(Z ,Z ) = 0 is a defining equation for M near p 0 , and M is called everywhere characteristic if M ∩ U is characteristic at every point. Observe that if p(Z , ∂) is homogeneous of degree 1 (i.e., it is a holomorphic vector field), then M is everywhere characteristic for p(Z , ∂) if and only if the holomorphic vector field p(Z , ∂) is tangent to M in U . Hence, being everywhere characteristic for a holomorphic partial differential operator can be viewed as a higher-degree analogue of holomorphic degeneracy (see [BER, Chapter 11] ). Everywhere characteristic hypersurfaces, relative to a given operator p(Z , ∂), arise as natural boundaries for the holomorphic continuation of (holomorphic) solutions of p(Z , ∂)u = 0 (see, e.g., [Ho, Chapter 9 .4]). A concrete example is given by the so-called Lie ball defined by the equation
The Lie ball is the maximal domain in C n+1 to which every harmonic function in the unit ball of R n+1 can be holomorphically continued (see, e.g., [A] ; cf. also [E1] ). The boundary of the Lie ball is everywhere characteristic (at every smooth point) for the "Laplace operator" n+1 j=1 (∂/∂ Z k ) 2 . (6.5)
Another example is the tube over the light cone (see Example 0.2.1) which is everywhere characteristic for the "wave operator" n j=1
We have the following. PROPOSITION 6.7 Let M ⊂ C n+1 be a real hypersurface that is everywhere characteristic for a homogeneous partial differential operator p(Z , ∂). Then M is everywhere Levi degenerate.
Proof
Pick p 0 ∈ M, and let ρ(Z ,Z ) = 0 be a defining equation for M near p 0 ∈ M. We first claim that the CR vector field L := n+1 k=1 p ζ k Z , ρ Z (Z ,Z ) ∂ ∂Z k , (6.8)
where ρ Z := ∂ρ/∂ Z and p ζ = ∂ p/∂ζ , is tangent to M. Indeed, since M is everywhere characteristic for p(∂), we have p Z , ρ Z (Z ,Z ) = a(Z ,Z )ρ(Z ,Z ) (6.9)
for some function a. The claim now follows from Euler's formula. By differentiating (6.9) with respect toZ , it is straightforward (and left to the reader) to verify that L is a null vector for the Levi form at every p ∈ M near p 0 . This proves the proposition.
Example 6.10 (Tubes over homogeneous algebraic varieties)
Let p(x) be a homogeneous polynomial in x = (x 1 , . . . , x n+1 ) with real coefficients, and assume that ∂ p/∂ x is not identically zero along the variety V R := {x ∈ R n+1 : p(x) = 0}. Then the tube V C over V R in C n+1 ,
: p(Re Z ) = 0}, (6.11)
is a real hypersurface (outside a lower-dimensional real algebraic subvariety) which we denote by M. The "radial" CR vector field
Re Z j ∂/∂Z j (6.12)
is tangent to M, and the reader can easily verify that L is a null vector for the Levi form of M at every p ∈ M. A concrete example is again the tube over the light cone (Example 0.2.1). Another example is the cubic defined by (6.11) with p(x) = x 3 1 + x 3 2 − x 3 3 which was given by Freeman [F2] as an example of a manifold foliated by complex curves but not locally biholomorphic to a manifold of the formM × C.
We compute the invariantk for two classes of real hypersurfaces M ⊂ C 3 that share some interesting properties with the tube over the light cone, and show that Theorem 2 is applicable for manifolds from these classes. First, we consider hypersurfaces M ⊂ C 3 which are tubes over homogeneous algebraic varieties in R 3 as in Example 6.10 above . For convenience we replace Re Z above by Z +Z . PROPOSITION 6.13 Let M ⊂ C 3 be a real hypersurface that is contained in the real algebraic variety V := {Z ∈ C 3 : p (Z +Z ) = 0}, (6.14)
where p(x) is a real-valued homogeneous polynomial. Assume that M is Levi uniform and 2-nondegenerate at Z 0 ∈ M. Then the invariantk ≡ 2i in a neighborhood of Z 0 .
Proof
For simplicity we write x = Z +Z . There is no loss of generality in assuming that x 0 1 = 0 and p x 3 (x 0 ) = 0. As a basis for the CR vector fields on M near Z 0 we choose (6.15) where N 1 , N 2 are factors to be chosen. As mentioned above, L 2 spans the Levi null bundle N near Z 0 . For θ, θ 1 , θ 2 we choose (the pullbacks to M of ) θ = i 3 j=1 p x j d Z j (6.16) and θ 1 = N 1 x 1 p x 3 (x 1 d Z 2 − x 2 d Z 1 ), θ 2 = N 2 x 1 d Z 1 . (6.17)
The reader can verify that θ spans T 0 M, that θ , θ 1 span T M, and that θ, θ 1 , θ 2 span T M, as defined in §2. Moreover, we have θ α , L β = δ α β , and a calculation shows that the nonzero entry g1 1 of the Levi form is given by
where Q(x) denotes the quadratic form Q(x) = p 2 x 3 p x 2 x 2 − 2 p x 2 p x 3 p x 2 x 3 + p 2 x 2 p x 3 x 3 . (6.19)
Since M is assumed Levi uniform and 2-nondegenerate (and hence Levi uniform of rank 1; see the proof of Theorem 5), we have Q(x) = 0 near x 0 . We may assume that Q(x) > 0 in a neighborhood of x 0 since otherwise we could replace p(x) by − p(x). So, we choose N 1 (x) = Q(x) (6.20)
and conclude that g1 1 ≡ 1 near x 0 .
To compute the only nonzero element h11 2 in the third-order tensor, we use Lemma 2.12, equation (2.16), and the fact that g1 1 = 1. After a straightforward calculation, we obtain
(6.21)
Let us simplify the expression
appearing in (6.21). Observe that, for j = 2, 3,
Substituting this in (6.22), we find E(x) = 1. (6.24)
Thus, (6.21) can be simplified to 2i h11 2 = 1/N 2 , and hence we choose N 2 (x) = 1 2i , (6.25) so that h11 2 = 1. With these choices of N 1 , N 2 , as is shown in §3, the invariantk is computed from the formulâ
x j x k ∂/∂Z j ∧ ∂/∂ Z k = − 1 N 2 = 2i.
(6.26)
This completes the proof of Proposition 6.13.
We also computek for tubes over hypersurfaces in R 3 which are everywhere characteristic for the wave operator. Observe that if {x ∈ R 3 : f (x) = 0} is a hypersurface in R 3 which is everywhere characteristic for the wave operator (∂/∂ x 1 ) 2 +(∂/∂ x 2 ) 2 − (∂/∂ x 3 ) 2 , then the real hypersurface M ⊂ C 3 defined by M = {Z ∈ C 3 : f (Re Z ) = 0} is everywhere characteristic for the complex wave operator (∂/∂ Z 1 ) 2 + (∂/∂ Z 2 ) 2 − (∂/∂ Z 3 ) 2 and hence is of the type considered in Example 6.1. As above, we use Z +Z instead of Re Z .
f (x) = 0, we may also assume that f (x) = x 3 − φ(x 1 , x 2 ), where φ(x 1 , x 2 ) satisfies φ(0, 0) = φ x 2 (0, 0) = 0, φ x 1 (0, 0) = 1, and φ 2
x 1 + φ 2 x 2 = 1. (6.34)
A straightforward calculation shows that M is Levi uniform of rank 1 and 2-nondegenerate at zero if and only if φ x 2 x 2 (0, 0) = 0. By differentiating (6.34), we find that φ x 1 x j (0, 0) = 0, φ x 1 x j x k (0, 0) = −φ x 2 x j (0, 0)φ x 2 x k (0, 0), (6.35)
for j, k = 1, 2. By substituting f (x) = x 3 − φ(x 1 , x 2 ) in (6.31) and using (6.35), we conclude thatk(Z 1 ) = 2i. The proof of Proposition 6.27 is now complete since Z 1 is arbitrary.
We conclude the paper with the following result which implies that in general the curvature in Theorem 2 is nontrivial. PROPOSITION 
6.36
For an integer k ≥ 2, let for some nondegenerate quadratic form Q(ζ ) and some homogeneous polynomial b(x) of degree k − 2. It is not difficult to see, and left to the reader to verify, that this cannot happen unless k = 2. This completes the proof of Proposition 6.36.
